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Abstract

The boundary element method (BEM) in its simple form when solving the exterior acoustic problem in the frequency
domain has difficulties at the frequencies of internal resonances of the closed structure. The corresponding time domain
form of the exterior problem often exhibits instabilities in the time-stepping process. The link between these two features is
investigated by relating the eigenvalues of the iterating matrix of the time-stepping process to damped frequencies.
Numerical evidence from a problem with an analytic solution, and from a loudspeaker response are given. The suggested
link implies that instability comes from numerical errors super-imposed on a more fundamental problem and may be best
tackled through a time domain technique corresponding to the methods already available in the frequency domain.
© 2007 Elsevier Ltd. All rights reserved.

1. Introduction

The background concern of this short communication is the numerical prediction of the excess acoustic
pressure, ¢, exterior to a closed vibrating surface in both the time and frequency domains. Working in the time
domain requires solving the (linear) wave equation, and the instability referred to is the result of matrix
iteration in time-stepping and shows up in the time solution as an increasing response developing after a
period of quiet—even though no excitation is applied. The discussion is not directly relevant to general
element methods in other contexts such as the nonlinear transient analysis of engineering structures.

A common method of solving the exterior acoustic problem in the frequency domain is by using Helmholtz’
equation, converting to a boundary integral equation (BIE) and then applying an element discretisation, to
become the boundary element method (BEM). A well-known difficulty in the simplest form of the BEM
occurs at the set of frequencies at which the interior homogeneous problem has non-zero solutions, [1]. These
frequencies are referred to in this communication as f;. Various methods for creating a modified equation
with a solution at all frequencies have been devised, e.g. Ref. [1], or the CHIEF method of Schenck [2].
Without a modified form the BEM cannot be relied on, since it is not possible to predict in advance where the
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frequencies f; occur for a general structure. The modified form has led to an acceptably robust method for the
exterior problem up to a reasonably high frequency.

The inverse Fourier transform applied to the BIE gives the time domain version, referred to as the retarded
potential integral equation (RPIE), which when discretised leads to a time-stepping scheme. Instability is well
known and an analysis of various averaging methods to stabilise the process is given by Davies and Duncan
[3]. Walker et al. [4] discusses stability through the eigenvalues of an single iterative matrix, see Section 3 of
this paper, but do not make the link with internal resonances which we see as crucial. The connection between
instability and internal resonances in scattering problems has been recognised, e.g. Refs. [5,6]. Smith suggested
that it could be rectified by an averaging of the time steps; Ergin advocates the more radical action of
modifying of the RPIE by the Burton and Miller method which seems to us to be a better approach, going to
the heart of the problem. Although acoustics is mentioned in the papers, the connection between internal
resonances and instability has not been generally recognised in exterior acoustic problems.

Numerical evidence is given to establish the link through relating each eigenvalue of an iterative matrix with
a particular frequency. The implication of the link on attempting to find a cure for instability is examined.

2. The exterior problem in the frequency domain

Helmholtz® equation is converted into a BIE by introducing a fundamental solution, G, of Helmholtz’
equation (commonly called Green’s function). In three dimensions G at frequency w is given by

1
Gi(p, @) = 5z exp(kR), j=V-1, (1

where the wavenumber k = w/c, c is the speed of sound, and R = [p — q| is the distance between a (source)
point on the surface q and the (observation) point p.

Omitting details, which may be found in many sources, e.g. Ref. [1], G and ¢ are combined into an integral
equation for ¢ at p,

0G(p, 0o(q, w
w000 = [ {000 %D 6,9 P as, @)
S n, on,
Here S is the smooth surface of a structure and
1 if p is in the exterior,
a=2< 1/2 if pison S,
0 if p is in the interior.

The normal derivative 0¢/0n, = v is the given surface condition.
The BEM discretises Eq. (2), for each k, into

ap(p) = m ¢ — Ly, )

where ¢, v are vectors of the values of ¢, v at chosen points (nodes) on the boundary, and my,I; are vectors
computed from integrating G, with chosen element shape functions on the boundary elements. (In the
numerical evidence shown later, the simplest, constant approximation, was used and the nodes were chosen at
the element mid-points.)

The boundary condition supplies v; ¢ is calculated by applying the collocation method to Eq. (3) bringing p
to each node in turn. This is the initial stage of the BEM and is the significant part of the BEM needed for the
discussion of instability in the time domain (the final stage is to again apply Eq. (3), where now p is a general
point in the exterior, but this will not concern us). The initial stage has a matrix form

(M —5D¢ = Lyv, (4)

where My, Ly are computed similarly to myg, .
There is a difficulty in solving Eq. (4) in that (M, — %I ) is singular at the set of frequencies, f;, mentioned
earlier.
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3. The exterior problem in the time domain

The inverse Fourier transform applied to Eq. (2) gives the time domain version. As a result of G being
frequency dependent, as shown in Eq. (1), it becomes modified into causing a time delay. Again omitting
details of the well-established derivation, see e.g. Ref. [7]

1 f[{10R Rod(, )] 104(q,7)
ap(p, 1) = _‘HI/S{RZGH,, {d)(q,f)*‘c o } +E on, }dqu ()

where 1 = ¢ — (R/c) is the retarded time at which sound must start out at q in order to reach p at time ¢. The
computation is divided into two stages in a similar manner to the frequency domain version. The first stage is
to obtain the initially unknown ¢ at the chosen nodal points on the surface, before using them to obtain ¢ at
an exterior point.

Eq. (5) is discretised into a set of linear equations, which is similar with the frequency domain Eq. (2) except
that the pressure over a structure at a sequence of time levels is needed in order to advance the solution
through one time step. Details are given in Ref. [§].

In order to predict the time behaviour in the exterior region the boundary pressures on the surface have to
be predicted in the same way that Eq. (4) has to be used before Eq. (3) in the frequency domain. The time
domain form of Eq. (4) is

N
¢i=> D", +y: (©)
n=1
The vector ¢, contains the values of ¢ at the M chosen nodal points and at the time iAz. At is a suitably
chosen time step, and i is the iteration count. The number of time steps required to progress the computation
to the next time level is N, where NA¢ just covers the time interval needed for sound from the point on S
furthest from p to reach q. The matrices D" come from the BEM, for details see Ref. [8]. Finally, y;, comes
from the given boundary values of 0¢ /On,.
This is the usual form given in the literature [9], but for the purposes of analysing stability, this may be
written as a (large) iterative scheme:

O, =HD;_; +g, (7
where
[ DiNt1 ] 0 I 0 U | [0
ding2 0 0 I .0 0
D, = : , H=| : : ot =] (®)
b 0 0 0 I 0
6 p™N  pN=b p®N=2 - ph Vi |

The first M — 1 rows merely state that ¢; = ¢;, and the last repeats Eq. (6). Multiplying by the matrix H
upgrades a set of surface values of ¢ at the structure node points, 1,2,... M, and at the set of times
(i— N)AL,(i— N + DA¢,...(i — 1)At. In particular the homogeneous case where g, = 0, i.e. after the forcing
function has ceased to act, will be considered.

@, =HD;_,. )

4. A look at the structure of the eigensystem of H

A single, representative eigenvalue and corresponding eigenvector are considered in order to examine the
step-wise propagation in time. The results will be relevant for the eigensystem as a whole and since collectively
they form a basis for the solution from any start, they will inform about the general solution of the
homogeneous equation.
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Suppose 4 = rexp(jf) and U are an eigenvalue and vector of the iterative matrix H, i.e.

HU = JU. (10)

Following the NM x 1 vector structure of @ described in Eq. (8), U may be partitioned into N sets of M
element values,

U' =[u],u),...u],

where u; is a set of nodal values at a fixed time, iAz. In full this is

0 I 0 ... 07w u

0 0 1 0 u u

: : : . =4 (1D
0 0 0 1 uN-_| uN-—|
p™N  pN=D  pN=2 - p uyn un

From the matrix rows of Eq. (11)
W= Jup,uz = Aw = Auy, ..., un = Auneg = ANy
and the last row is
DMNuy + DNy + - 4 DDuy = Juy.

The left-hand side of this equation, using the definition of Eq. (6) with y; = 0, forms the set of boundary
pressures at the next time level, say uny;.
Thus two successive pressure sets with the form of @ are

uj u uj
u us up
U = , U= =/ )
uN_| uN UN-—]
| UN | | UN+1 | | UN |
i.e. satisfy
U, =HU,_; =U,_,. (12)
This implies that from u; the pressures at subsequent times may be generated by the simple iteration
u; = Au;_g. (13)
Let
u; = [by exp(jou), by exp(jon), . . ., bar exp(on)]”, (14)
then
ui = Aup = F[by exp j(oy + i), by exp j(aa + i6), . .., barexp j(opr + i0)]. (15)

Note that, since H is real, the eigenvalues and vectors either real or occur in conjugate pairs, so real pressures
may be taken from the real or imaginary part of Eq. (15),

#[by cos(ay + i0), by cos(ay + i0), . . ., bas cos(oys + i0)]T
or r[by sin(a; + i0), by sin(aa + i0), . . ., bys sin(oyy + i0)]".
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5. The time eigensystem related to frequencies

Eq. (15) shows that the effect of progressing through a time step At is to move the vector through an
angle 6 i.e.

0 .
at a rate of Al radians per second

or Hz

2nAt

0
or wavenumber ——,
cAt
where ¢ is the speed of sound. In this way a picture of the eigenvalues may be shown either as complex
numbers, see Fig. 1, or alternatively in a frequency form shown in Fig. 2. The values in the illustration come
from the problem with an analytic solution, described in Section 6.1. In the frequency form the y-axis is used
for the decay rate, r, which in the polar plot becomes the radius.

The association of eigenvalues with frequencies may be obtained more formally by considering the effect of
the Fourier transform on the sequence of vectors produced by the iterative scheme. From Eq. (13) and the
start of uy, the sequence

9 2 3
lll,/ulll,}v ll],j. up,...

is produced. Let this be #u;,i =0,1,2,..., where h; = = [rexp(j#)]’ contains the variation with time and u;
is constant through the iteration process. At this stage we assume that r<1. Since the times iAt may be
thought of as samples from continuous time ¢, /; is sampled data from the continuous function

h(t) = [r exp(j0)]/*"
= [exp(—a + jO)]/*"  where o = —Inr

—exp|(- X+ 0 t
= P A A

defining / as 0/(2nAr) and B as o/At
= exp(—p + j2n/ ).

1 ; ; P s ;
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Fig. 1. Polar form (r, 0) of the eigenvalues A.
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Fig. 2. Frequency form of the eigenvalues with the decay factor r on the y-axis and 6/cAt on the x-axis.

The Fourier transform is
H(f) = / h(t) exp(—j2nft) de
= / exp(—B + j2nf )t exp(—j2nft) de
0

= [ e+ i2nf —
0
- (16)
p—i2n(f —f)
A graph of the modulus of H(f) is shown in Fig. 3 for the particular examplef = 100 Hz and for varying f.
Note that r is related to f by

r = exp(—Atf) so that f — 0 = r — 1.

The appearance is of a typical damped resonance at 100 Hz.

Notes: The first two notes explain the effect of using discrete samples of /(¢) rather than the continuous
function.

1. The Nyquist criteria [10], which requires at least two sample points per cycle, is relevant here. The
corresponding highest frequency is . = 1/(2Af). That the frequency f should be constrained in this way
requires that

A 1 0 1

This removes an ambiguity in forming 6 from the complex number A (both 6 and —6 occur as the
eigenvalues are in conjugate pairs).

As 0 increases from zero to m the corresponding frequency increases from zero to the Nyquist value f.

2. The sampled frequencies resulting from the sampled time data have frequency step of 1/NAt, see
Ref. [10]. Thus they may not include exactly the damped resonance at f derived from the eigenvalue.
Consequently even if f is exactly a member of f; the discrete frequency data may not fall on the member of f',.
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Fig. 3. Showing the modulus of the Fourier transform, H(f) forf = 100.

3. If =1 the amplitude of the oscillation does not decay but remains constant, which is clearly an
undamped resonance.

In Eq. (16) |H(f)| has its largest value (the surface resonates) at 2nfAt = 0, i.e. f = 0/2nAt as before. Note
that as r — 1, |H(f)| — oo and for r near 1 it has the appearance of an undamped resonance.

We suggest that the frequencies of these resonances are members of f;. Also that the eigenvalues of H which
have modulus &~ 1 come from these undamped resonances r = 1 but are affected by averaging, rounding, or
numerical integration error.

Clearly if r>1 the iteration process will be unstable and if <1 then stable. A small change in r when r ~ 1
may tip a resonance over from being stable to unstable or vice versa.

In the next section numerical evidence is given to confirm the suggestion. The statement that ““ r & 17 is not
precise in that no indication is given of how close to 1 is intended, but the message from the evidence is clear.

6. Numerical evidence that the frequencies having r ~ 1 are contained in f;

In all cases the boundary elements used to generate the 3D surfaces were axi-symmetric hoops generated by
straight line segments, and the pressure is assumed to be constant on each element.

6.1. An example with an analytical solution

The number of nodes (elements) was M = 10, and Az = 0.07.
The analytic problem concerns the vibrating surface of a unit sphere with ¢ taken as 1; the method of
separation of variables gives as basis functions, for a problem with symmetry in the ¢ direction,

Up(r,0) = Pp(cos 0)J ,(kr), m=0,1,2,... .

Here 0 is the angular variation giving the mode shape and r is the polar. P, J,, are the Legendre polynomial
and spherical Bessel function of the first kind, of order m. For the homogeneous interior Dirichlet problem
(our case) the solutions are given by the zeros of J,,(ka) where « is the radius of the sphere; these are examples
of fp. Values are given in Ref. [11, pp. 467/8]. The first two are:

m=0, k=23.1416 (nr), Py = constant,
m=1, k=44934, P, =cos0.
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Fig. 4. Showing the analytic f; on a plot of the eigenvalues.
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Fig. 5. Showing the simple form of frequency response of a loudspeaker together of the eigenvalues of the time solution.

Fig. 4 is a magnified section of Fig. 2 with the analytic resonances added and indicated by circles. There is
good correspondence for the range shown, though the accuracy decreases as the frequency increases. Note that
only one computed eigenvalue in the range shown has modulus greater than one (the frequency ~ 9.5). The
eigenvector was also considered for the first two modes and they did correspond with the analytic shapes.

6.2. A loudspeaker model
The modelling of the exterior acoustic field from the vibration of a loudspeaker cone is used as a practical

example. A paper cone, of outer radius 15cm, is from a mid-range unit, the details of which are given in a
conference paper [12]. Fig. 5 shows the simple BEM (without the Burton and Miller modification) estimation for
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the on axis sound pressure at 1.5m from the cone. The interior resonances clearly show up. The time domain
model uses 64 elements and Az = 0.00004 to form H and its eigenvalues. The related frequencies are marked by
dotted lines. Again the correspondence is convincing. The decibel measure of the pressure is given by

20" log 10((abs(pressure))/(2.0e — 5)).

7. Conclusions

Interior resonances of a vibrating structure have long been known to cause difficulties in using the BEM in
solving the exterior acoustic problem in the frequency domain. Because the frequency and time domains are
equivalent, this same difficulty must be present in the time domain solution with the RPIE method. This is
confirmed in the communication through:

e Establishing that each eigenvalue of the iteration matrix of the discrete time solution is shown to relate to a
frequency of the Fourier transform of the time data.

e Evidence is given that the interior acoustic resonant frequencies of a structure appear in the time solution.

e The interior resonances appear in the time solution as eigenvalues with, if computed exactly, decay rate = 1.
However numerical approximations may cause the decay rate to be <1 or >1, resulting in stability or
instability, respectively.

Rather than modifying the averaging process or time step, a more thorough approach to eliminating the
possible instability is to obtain a set of basis functions for the solution space of the homogeneous solution
which exclude the interior resonances, in a way related to the Burton and Miller or CHIEF method for the
frequency domain.
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